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We develop a method to characterize topological phase transitions for strongly correlated Hamiltonians de-
fined on two-dimensional lattices based on the many-body Berry curvature. Our goal is to identify a class of
quantum critical points between topologically nontrivial phases with fractionally quantized Hall (FQH) con-
ductivity and topologically trivial gapped phases through the discontinuities of the many-body Berry curvature
in the so-called flux Brillouin zone (fBZ), the latter being defined by imposing all possible twisted boundary
conditions. For this purpose, we study the finite-size signatures of several quantum phase transitions between
fractional Chern insulators and charge-ordered phases for two-dimensional lattices by evaluating the many-body
Berry curvature numerically using exact diagonalization. We observe degeneracy points (nodes) of many-body
energy levels at high-symmetry points in the fBZ, accompanied by diverging Berry curvature. We find a cor-
respondence between the number and order of these nodal points, and the change of the topological invariants
of the many-body ground states across the transition, in close analogy with Weyl nodes in non-interacting band
structures. This motivates us to apply a scaling procedure, originally developed for non-interacting systems, for
the Berry curvature at the nodal points. This procedure offers a useful tool for the classification of topological
phase transitions in interacting systems harboring FQH-like topological order.
I. INTRODUCTION
Degeneracies in quantum systems can be accidental or en-
forced by symmetries. In the former case, slight perturbations
applied to the system can in principle remove the degener-
acy. Choosing words more carefully, one should distinguish
between moving and removing a degeneracy. To elucidate
this point, we consider a pair of linearly independent quan-
tum states |Ψ1(M)〉 and |Ψ2(M)〉 that are parametrized by a
multi-dimensional vector of real parameters M . The matrix
elements of a given Hamiltonian with the two states |Ψ1(M)〉
and |Ψ2(M)〉 form a 2 × 2 Hermitian matrix, and are thus
characterized by four real functions of M , e.g., as prefactors
when expanding in the three Pauli matrices together with the
unit 2 × 2 matrix. The states are degenerate if all three func-
tions multiplying the three Pauli matrices are tuned to zero at
some Mc. Such simultaneous zeros will occur generically, if
the parameter space in which M lives is three-dimensional,
in which case perturbations applied to such accidental de-
generacies do not remove them but move them in parame-
ter space. If the dimension of parameter space d is smaller
than three, three independent real functions cannot be simul-
taneously tuned to zero, while if it is larger than three, ac-
cidental degeneracies will occur on (d − 3)-dimensional hy-
persurfaces. These considerations go back to von Neumann
and Wigner1, while Herring2 and Blount3 applied this reason-
ing to band structures of three-dimensional crystals, in which
the quasi-momentum k takes the role of the parameter vector
M . Berry and Wilkinson also found in Ref. 4 such degen-
eracies for quantum single-particle Hamiltonians without any
symmetry. They called such degeneracies diabolical points.
Crucially, these accidental degeneracies found in three-
dimensional parameter space are topological objects with a
quantized chiral charge, so-called Weyl points. The terminol-
ogy “Weyl point” can be motivated as follows. Consider the
two-dimensional Hilbert space spanned by the state |Ψ1(M)〉
and |Ψ2(M)〉 whereby both states undergo a level crossing
at a diabolical point in parameter space. We may associate to
any point in parameter space that is sufficiently close to the di-
abolical point an Abelian gauge field, the Abelian Berry con-
nection 〈Ψ1(M)|i∂M |Ψ1(M)〉 of state |Ψ1(M)〉, say. The
rotation of this Abelian Berry connection delivers an Abelian
magnetic field. The Abelian magnetic flux through any sur-
face that encloses the diabolical point is quantized and thus
robust to small and smooth changes in the Hamiltonian 5. Any
such diabolical point is therefore a topological object with a
quantized charge, i.e., a monopole for an Abelian Berry mag-
netic flux. Because the four matrix elements of the Hamil-
tonian between these two states realize a Weyl Hamiltonian
close to a diabolical point, we shall rename this point in pa-
rameter space a Weyl point. Generic perturbations will simply
move a Weyl point in parameter space, but cannot eliminate
it.
In this paper, we study numerically away from the thermo-
dynamic limit Weyl points associated with degeneracies be-
tween two many-body quantum states close to a topological
phase transition occuring in parameter space in the thermo-
dynamic limit. Away from multicritical points, phase transi-
tions are driven by a single external parameter (i.e., the co-
dimension of the phase boundary in parameter space is one).
It is then most natural to look for phase transitions charac-
terized by accidental Weyl-type degeneracies of two quantum
states in two-dimensional systems, because the phase-angles
of twisted boundary conditions comprise two parameters that
add up with a control parameter in the many-body interacting
Hamiltonian to a three-dimensional parameter space. In this
case, the topological charge associated with the degeneracy
is nothing but the change in the Hall conductivity averaged
over twisted boundary conditions following the formula of
Niu and Thouless6,7. This change has a finite-size signature as
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2it is unambiguously determined by a single many-body level
crossing for the many-body interacting lattice Hamiltonian,
whereby the lattice is of finite size. The main result of this
paper is that, in close analogy to noninteracting band struc-
tures over a three-dimensional Brillouin zone, the change in
the Hall conductivity of any two-dimensional many-body in-
teracting lattice Hamiltonian subject to twisted boundary con-
ditions across a quantum phase transition controlled by one
real parameter equals the topological charge associated with a
many-body Weyl point between two many-body eigenstates.
Weyl-type quantum phase transitions are thus necessarily
topological quantum phase transitions and one may expect
them to be realized in systems that support, in one phase, a
(fractional) quantum-Hall effect. This is also in agreement
with the fact that quantum Hall systems do not rely on any
symmetries (besides charge conservation), just as a Weyl point
of unit chiral charge is not stabilized by any symmetries.
Our approach to Weyl-type quantum phase transitions is fo-
cused on numerical investigation of strongly interacting finite-
sized systems. To easily apply twisted boundary conditions,
we study lattice systems, and in particular the transition be-
tween lattice realizations of the fractional quantum Hall ef-
fect, that is, fractional Chern insulators (FCIs)8,9, and charge
ordered phases. We demonstrate that these quantum phase
transitions are indeed of Weyl type. We show examples for
both bosonic and fermionic systems and present a case in
which lattice symmetries give rise to a Weyl point of higher
charge (two) at the phase transition, which splits into two
Weyl points of unit charge if these symmetries are broken.
Furthermore, we point out the similarities and differences be-
tween the physics of Weyl points occurring between many-
body states and those in non-interacting band structures, and
apply a scaling procedure that captures the numerically ob-
served phenomenology of the Weyl-type quantum phase tran-
sitions.
This paper is organized as follows. We review the Niu-
Thouless formula in Sec. II. We define lattice models for in-
teracting fermions or bosons that undergo a quantum phase
transition between a fractional Chern insulating phase and a
trivial one (i.e., a phase with vanishing Hall conductivity) and
show numerically the existence of Weyl (diabolical) points in
parameter space in Sec. III. We verify that a scaling analy-
sis for the many-body Berry curvature applies in Sec. IV. We
conclude with Sec. V.
II. BERRY CURVATURE AND CHERN NUMBER OF
MANY-BODY STATES
Consider a two-dimensional system of N interacting iden-
tical quantum particles on a lattice made of L1 × L2 unit
cells, defined by the primitive translation vectors a1 and a2.
The system is described by a many-body Hamiltonian Ĥ(M)
that depends on a number of parameters with units of energy
M ≡ (M1, · · · ,Mm)T ∈ Rm. We also impose twisted pe-
riodic boundary conditions on the system. This amounts to
introducing a second parametric dependence of the Hamilto-
nian on the twisting angles given by the vectorφT = (φ1, φ2),
i.e., Ĥ ≡ Ĥ(φ,M). Hence, all many-body states |Ψ(φ,M)〉
obey the twisted boundary conditions
T̂i,L1 a1 |Ψ(φ,M)〉 = e
iφ1 |Ψ(φ,M)〉, (2.1a)
T̂i,L2 a2 |Ψ(φ,M)〉 = e
iφ2 |Ψ(φ,M)〉, (2.1b)
where T̂i,r is the operator that translates particle i = 1, · · · , N
by r.
The Hall conductivity σH(φ,M) at zero temperature gov-
erns the transverse linear response to the infinitesimal varia-
tion φ→ φ+ δφ. It is given by6,10
σH(φ,M) =
e2
h
1
Ng=1
Ng=1∑
n=1
Fn(φ,M). (2.2a)
Here, e is the electric charge, h is the Planck constant, and the
integer Ng=1 is the ground state (GS) degeneracy in the ther-
modynamic limit upon imposing the twisted boundary condi-
tions φ. Moreover, the function Fn(φ,M) is usually defined
through linear response theory by the Kubo formula
Fn(φ,M) ..= 4piIm
∑
n′ 6=n
〈Ψn| ∂φ2Ĥ |Ψn′〉 〈Ψn′ | ∂φ1Ĥ |Ψn〉
(En′ − En)2
(2.2b)
provided all denominators on the right-hand side are non-
vanishing in a sufficiently small open set containing φ and
M . Here, the summation over n′ runs over all the eigen-
states |Ψn′(φ,M)〉 of Ĥ(φ,M) that are orthogonal to any
one of the GSs |Ψn(φ,M)〉 with n = 1, · · · , Ng=1. Their
eigenenergies are En′(φ,M) and En(φ,M), respectively.
In the thermodynamic limit and on the torus (genus g = 1)
over which the twisted boundary conditions are imposed, the
eigenenergies En(φ,M) with n = 1, · · · , Ng=1 are all de-
generate. For notational simplicity, we have dropped the ex-
plicit dependence of the Hamiltonian with its eigenenergies
and eigenstates on φ and M in Eq. (2.2b). The Hall con-
ductivity (2.2a) is averaged over all states in the manifold of
Ng=1-fold degenerate GS when two-dimensional space is the
twisted torus and the thermodynamic limit is defined by tak-
ing the limit L1, L2 → ∞ while holding the particle density
N/(L1 L2) fixed.
The Hall conductivity at zero temperature should only de-
pend on the linearly independent GSs of the many-body inter-
acting Hamiltonian Ĥ . This fact is not explicit in Eqs. (2.2a)
and (2.2b) as all many-body excited states and their eigenval-
ues contribute to the Hall conductivity. It turns out that the
quantity Fn(φ,M) is called the many-body Berry curvature
of |Ψn(φ,M)〉 as it can be expressed in terms of the partial
derivatives of |Ψn(φ,M)〉 according to the formula6,10
Fn(φ,M) = 4pi Im
〈
∂Ψn
∂φ1
(φ,M)
∣∣∣∣ ∂Ψn∂φ2 (φ,M)
〉
(2.2c)
provided all denominators in Eq. (2.2b) are non-vanishing in a
sufficiently small open set containing φ andM . According to
Eq. (2.2c), the Hall conductivity (2.2a) is now explicitly solely
dependent on the linearly independent GSs.
3In Ref. 6, it is argued that the equality
lim
L1,L2→∞
σH(φ0,M) = lim
L1,L2→∞
2pi∫
0
2pi∫
0
dφ1 dφ2
4pi2
σH(φ,M)
(2.3)
must necessarily hold for any arbitrarily chosen twisted
boundary condition φ0 in the thermodynamic limit. Here,
the domain of integration is the torus defined by the twisted
boundary conditions, to which we shall refer as the flux Bril-
louin zone (fBZ). The intuition for Eq. (2.3) is that the choice
of the boundary conditions should not affect the values taken
by the components of the conductivity tensor in an insulating
phase after the thermodynamic limit has been taken.
We note that Eq. (2.3) implies that, as the thermodynamic
limit is taken, the many-body Berry curvature Fn(φ,M) be-
comes quantized and thus independent of φ and M , except
for discontinuous changes atM that correspond to a topolog-
ical phase transition at which the gap between the GS mani-
fold and the excited states closes. If so, at least one denom-
inator on the right-hand side of Eq. (2.2b) vanishes and the
representation (2.2c) is ill defined. We illustrate this for a
non-interacting lattice model in Fig. 1. This is distinct from
the Berry curvature of single-particle bands, which gener-
ically has a momentum-dependence even in the thermody-
namic limit. Hence, scaling relations obeyed by F (φ,M)
as a function of φ and M , which we discuss in Sec. IV, can
only be defined in systems of finite size.
Consequently, in the thermodynamic limit,
σH(M)
(e2/h)
≡ 1
Ng=1
Ng=1∑
n=1
Cn(M), (2.4a)
where
Cn(M) ≡ lim
L1,L2→∞
2pi∫
0
2pi∫
0
dφ1 dφ2
4pi2
Fn(φ,M) (2.4b)
is an integer-valued function of M , called the Chern num-
ber of the n-th state in the GS manifold. The Chern number
Cn(M) is a well-defined topological invariant of the bundle
{|Ψn(φ,M)〉} of many-body eigenstates over the fBZ, pro-
vided that the energy level that corresponds to |Ψn(φ,M)〉
does not cross any other level in the fBZ6,10,11.
That the dimensionless quantum Hall conductivity on the
left-hand side of Eq. (2.4a) must be a rational number in a
FQH phase in the thermodynanic limit12 is understood from
the fact that the many-body Chern number (2.4b) is integer
valued. Correspondingly, the right-hand side of Eq. (2.4a)
is a non-integer rational number if and only if Ng=1 > 1
and the sum over all Cn is not a multiple of Ng=1. More-
over, at any quantum phase transition driven by the parameters
M by which the Hall conductivity changes discontinuously,
the many-body Berry curvature (2.2b) must become singu-
lar somewhere in the fBZ. (This observation in the context
of the quantum Hall and spin quantum Hall effect was made
in Refs. 13 and 14, respectively. A similar argumentation can
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FIG. 1. Many-body Berry curvature F (φ0, µs) for a non-interacting
Chern insulator [specifically, the triangular lattice model defined
by the non-interacting Hamiltonian (3.3)] for fixed value of flux
φ0 = (pi − 0.7, 0), for a series of system sizes L ≡ L1 = L2 =
3, 5, 7, 9, 11, 15, 21, 25. In the thermodynamic limit, the model has
a topological phase transition in which the Chern number changes
from 1 (gray line) to 0 at µs = 1 (taking t = 1 as energy unit). In the
thermodynamic limit, F (φ0, µs) becomes constant and thus inde-
pendent of φ0 and µs except at the phase transition. The many-body
Berry curvatureF (φ, µs) is singular atφc = (pi, 0) and (µs/t)c = 1
for L ≡ L1 = L2 = 3, 5, 7, 9, 11, 15, 21, 25.
also be found in Refs. 15 and 16 for topological invariants in
quantum spin chains.) This quantum phase transition is called
a plateau transition to emphasize the fact that the quantum
Hall conductivity is constant on either side of this transition. It
is called a topological transition to emphasize that the phases
on either side of this transition differ topologically through the
values taken by the quantum Hall conductivity.
Away from the thermodynamic limit, i.e., when L1 and L2
are non-vanishing positive integers, the equality (2.4a) is no
longer valid. Indeed, the Hall conductivity, defined through
the Kubo formula for one choice of twisted boundary condi-
tions, need not equal that for another choice of twisted bound-
ary conditions away from the thermodynamic limit, contrary
to what is implied by Eq. (2.4a) in the thermodynamic limit.
The GS manifold, if degenerate in the thermodynamic limit,
is generically non-degenerate away from the thermodynamic
limit. On the other hand, the Chern number (2.4b) remains
quantized provided the energy eigenstate |Ψn(φ,M)〉 is non-
degenerate away from the thermodynamic limit everywhere in
the fBZ and in some region of parameter space.
In the following, we shall focus on the case where only
one of the Ng=1 GSs in the thermodynamic limit has a non-
vanishing Chern number,
Cn(M) =
{
0, if n 6= n? = 1, · · · , Ng=1,
C?(M) 6= 0, otherwise,
(2.5)
deep in any insulating phase of parameter space. We have ver-
ified numerically that all cases studied in this paper fulfill the
condition of Eq. (2.5) that only one state in the GS manifold
has a non-vanishing Chern number, in agreement with pre-
vious analytical and numerical results11,17,18. In cases where
4more than one states in the GS manifold have a nonzero Chern
number, then Weyl nodes will appear in a sequence of GS-
excited state level crossings. We shall not encounter such a
case in this work. Now, even though a plateau transition is
rounded by finite-size effects, the Chern number C?(M) of
the bundle of GSs {|Ψn(φ,M)〉} over the fBZ is a discon-
tinuous function of the parameters M that drive the plateau
transition in the thermodynamic limit. Correspondingly, the
Berry curvature F?(φ,M) computed away from the thermo-
dynamic limit must develop one or more singularities in the
fBZ for critical values of M that drive the plateau transi-
tion in the thermodynamic limit as illustrated in Fig. 1. We
shall further assume that the jump in C?(M) results from
a level touching between two many-body states |Ψ1(M)〉
and |Ψ2(M)〉, i.e., from one or more Weyl points (diaboli-
cal points) in φ−M space alluded to in Sec. I. In this situa-
tion, the Kubo formula (2.2c) contains a resonant denominator
due to the two states participating in the level crossing. This
yields the dominant contribution to the Berry curvature. This
mechanism indeed describes all our exact diagonalization cal-
culations. What will not be done in this paper is a finite-size
scaling analysis to show that this assumption remains valid
as the thermodynamic limit is approached. Below we reserve
the notation C(M) ≡ C?(M) for the single nonzero Chern
number in the GS manifold.
III. FCI-TO-TRIVIAL TRANSITIONS
A. Models
We focus on three widely used models of a single species
of interacting hardcore particles (fermions or bosons) hopping
on two-dimensional lattices made of L1 × L2 unit cells, with
two sites per unit cell. Their general form is
Ĥ ..= Ĥkin + Ĥint. (3.1a)
The kinetic-energy Ĥkin may be written in reciprocal space as
Ĥkin ..=
∑
k∈BZ
Ψ̂†kHk Ψ̂k, (3.1b)
where Ψ̂†k ≡
(
ĉ†k,A , ĉ
†
k,B
)
is the spinor whose two compo-
nents are made up from two single-particle creation operators
with wave-number k in the first Brillouin zone of crystal mo-
menta (not to be confused with the fBZ of twists in the bound-
ary conditions) and sublattice index A and B, respectively.
The single-particle 2× 2 matrixHk is here defined by
Hk ..= d0,k τ0 + dk · τ + µs τ3, (3.1c)
where τ0 and τ = (τ1, τ2, τ3) are the 2× 2 unit and Pauli ma-
trices in sublattice space, respectively, and µs is a chemical-
potential imbalance between the two sublattices. For both
fermions and bosons, the interaction Ĥint is defined to be
Ĥint ..= V1
∑
〈i,j〉
n̂i n̂j + V2
∑
〈〈i,j〉〉
n̂i n̂j , (3.2)
(b)
δ1δ2
a1
a2
(a) δ1
a2
δ2
δ3
a1
A
B
δ2
δ1
δ3
a1
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A
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B
FIG. 2. Schematic definition of (a) triangular-lattice model
of Eq. (3.3), (b) checkerboard-lattice model of Eq. (3.4), and (c)
honeycomb-lattice model of Eq. (3.5). Hoppings in the direction
of an arrow add ϕ to the phase of the electron wave function, hop-
ping in the opposite direction subtracts ϕ (ϕ = pi/2 for triangular-
lattice model, ϕ = pi/4 for checkerboard-lattice model, ϕ = 0.4pi
for honeycomb-lattice model); dashed (dotted) lines denote hoppings
with a negative (positive) sign; in all models third-neighbor hoppings
are uniform and are omitted for clarity.
where n̂i ..= ĉ
†
i ĉi is the quasi-particle number operator on site
i of the lattice and 〈. . . 〉 and 〈〈. . . 〉〉 denote nearest and next-
nearest neighbors, respectively. The sign of the parameters
V1 ≥ 0 and V2 ≥ 0 correspond to repulsive interactions.
The triangular-lattice model of Refs. 18–21 is defined by
choosing d0,k and dk ≡ (d1,k, d2,k, d3,k)T as
d0,k ..= 2t3
3∑
j=1
cos(2k · δj), (3.3a)
dj,k ..= 2t cos(k · δj), j = 1, 2, 3, (3.3b)
where δ1 = (1/2,+
√
3/2)T, δ2 = (1/2,−
√
3/2)T, and
δ3 = −(δ1 + δ2) [see Fig. 2(a)]. In all calculations for this
triangular-lattice model, we choose t > 0 and V2 = µs = 0.
The V1-t3 phase diagram of this model at density ρ = 1/3 par-
ticles per site has been mapped out in detail in Refs. 18 and
21 and contains the competition between a FCI and a charge-
density wave (CDW) state.
The model of Refs. 8 and 22 is defined on the checkerboard
lattice with primitive vectors a1 = (1, 0)
T and a2 = (0, 1)
T
as
d0,k ..= 2t3 (cos 2k · δ1 + cos 2k · δ2), (3.4a)
d1,k ..= 2t cosϕ(cosk · δ1 + cosk · δ2), (3.4b)
d2,k ..= 2t sinϕ(cosk · δ1 + cosk · δ2), (3.4c)
d3,k ..= 2t2 (cosk · a1 − cosk · a2), (3.4d)
where t, t2, and t3 are nearest-, second nearest-, and third
nearest-neighbor hopping amplitudes, respectively, and δ1 =
(
√
2/2,
√
2/2)T, δ2 = (−
√
2/2,
√
2/2)T [see Fig. 2(b)]. In
the following, we fix t < 0, t2/t = −1/(2 +
√
2), t3/t =
−1/(2 + 2√2), and ϕ = pi/4, which for V1 = V2 = 0
5generates a nearly flat, topologically nontrivial lower band
with a nonzero Chern number22. The interacting model at
density ρ = 1/6 particles per site (filling ν = 1/3 of the
lower band in the non-interacting limit) has been studied ex-
tensively8,20,23–25. In particular, it was found that (a) the GS of
the model is a topologically ordered FCI for V2 = µs = 0 and
V1 ranging from moderate to infinite
20,23, (b) a large enough
V2 drives the model into a Fermi liquid-like phase for any
V1 > 0
23, and (c) for large enough µs the model transitions
into a charge-modulated, topologically trivial state8,20. Our
results are fully consistent with these findings.
Finally, we define the Haldane model on the honeycomb
lattice as8,26
d0,k ..= 2t2 cosϕ
3∑
i=1
cosk · ai, (3.5a)
d1,k ..= t
3∑
i=1
cosk · δi, (3.5b)
d2,k ..= t
3∑
i=1
sink · δi, (3.5c)
d3,k ..= −2t2 sinϕ
3∑
i=1
sink · ai
+ t3
[
eik·(δ2+a1) + eik·(δ2−a1) + e−2ik·δ2
]
, (3.5d)
with a1 = (
√
3, 0)T, a2 = (
√
3/2, 3/2)T, a3 = a2 −
a1, δ1 = (
√
3/2,−1/2)T, δ2 = (0, 1)T, and δ3 =
(−√3/2,−1/2)T [see Fig. 2(c)]. Following Ref. 27, we set
t2/t = 0.60, t3/t = 0.58, µs = 0, and ϕ = 0.4pi. The
bosonic version of this model has a ν = 1/2 FCI GS for any
V1 ≥ 0, but transitions to a CDW when V2 > V127.
The ranges of parameters for all three models are chosen
so as to easily identify and characterize quantum phase tran-
sitions. As long as point-like degeneracies (nodal points) ap-
pear in the fBZ for a critical value of some parameter, then
our methodology is applicable and small changes in model
parameters are inconsequential.
The many-body Berry curvature can be evaluated accu-
rately for finite clusters using the Lanczos method18–21. In the
examples studied in this work, we study the topological phase
transition between a degenerate FCI state, with an accurately
quantized topological invariant C 6= 0, and a topologically
trivial state with C = 0. Depending on geometrical details,
the FCI GSs may or may not all be in the same symmetry sec-
tor9. In the former case, there is an energy splitting between
quasi-degenerate GSs of the FCI phase in finite-size numerics
and it is expected that only one of the GSs that we shall la-
bel by n = n? will carry the entire topological response
11,17.
Here we focus on this case and therefore all the results we
present are for the symmetry sector that contains the GSs.
In the ν = 2/3 FCI phase of the fermionic triangular-lattice
model, one of the three quasi-degenerate/finite-size split FCI
states has C? = 2, whereas the other two have C = 0 (av-
erage C is 2/3, as expected for a fractional quantum Hall
state at this filling), while in the ν = 1/3 FCI phase of the
fermionic checkerboard-lattice model one GS has C? = 1
and the other two have C = 0 (average C is 1/3). The GS
of the bosonic Haldane model at ρ = 1/4 is a twice-(quasi-
)degenerate ν = 1/2 FCI state, with one of the two states
in the GS manifold having C? = 1 and the other C = 0
(average C is 1/2). For all models, we investigate a topolog-
ical phase transition out of the FCI phase upon variation of
parameters; V1 and t3 in the triangular-lattice model, V2 and
µs in the checkerboard-lattice model, and V2 in the Haldane
model. We have evaluated C on both sides of the transitions
by performing the integration in Eq. (2.4b) numerically on fi-
nite grids of the fBZ of sizes up to 64× 64 and have obtained
accurately quantized values, in agreement with the expected
behavior.
B. Nodes between many-body energy levels
The generalization of nodal points found in non-interacting
band structures to interacting systems occurs when the many-
body gap closes at isolated points in the fBZ. As we detail
in Appendix D, spatial symmetries of a system with periodic
boundary conditions translate to symmetries in the fBZ when
twisted boundary conditions are imposed. The effect of sym-
metries on the energy eigenvalue spectrum in the fBZ has also
been discussed in Ref. 13. There, it is argued that the Chern
number (2.5) for a many-body interacting Hamiltonian with
inversion symmetry can only change by an odd integer if the
locations in the fBZ at which the level crossing takes place is
an inversion-symmetric point. We shall encounter other sym-
metries that constrain the points in the fBZ at which diaboli-
cal points must occur. For instance, it was shown in Ref. 28
that Weyl nodes on a point in momentum space whose lit-
tle group contains a four-fold or six-fold rotation, can be of
higher charge. Similarly, if an interacting many-body system
has a three-fold rotation symmetry, band touchings at high-
symmetry points in the fBZ may be of higher charge. We will
discuss one such example below.
First, we focus on the critical point between ν = 2/3 FCI
and CDW phases of the fermionic triangular-lattice model of
Eqs. (3.3) which is a singly-charged Weyl node. In this exam-
ple, upon fine-tuning in parameter space to criticality, the pair
of many-body energy dispersions in the fBZ for the many-
body state supporting the many-body Chern number C? = 2,
on the one hand, and that for the many-body state supporting a
CDW, on the other hand, touch at the two inequivalent points
φ ≡ (φ1, φ2) = (0, 0) and φ = (0, pi). Figure 3 demon-
strates this level touching. Figure 3 also displays the depen-
dence of the energy dispersion of these many-body states on
the twisted boundary conditions. We note that: (i) the dis-
persion in the fBZ of this pair of many-body states is linear
around the nodal points, (ii) the Berry curvatures of this pair
of many-body states have the same sign at both points in the
fBZ, and (iii) the presence of two points in the fBZ at which
the Berry-curvature diverges leads to a jump of magnitude 2 in
the Chern numbers of the two states involved in the transition.
The transition in the fermionic checkerboard-lattice model of
Eqs. (3.4) has the same features, with the only difference that
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FIG. 3. Many-body Berry curvatures (top panels) and many-body energy dispersions in the fBZ (bottom panels) for the FCI and CDW states
of the fermionic model defined by Eqs. (3.3) on a triangular lattice made of 18 sites at the fermionic density (number of fermions divided by
the number of sites) ρ = 1/3 holding t3/t = 0.22 fixed. In panel (a), V1/t = 1.11 (topologically nontrivial ν = 2/3 FCI phase). In panel
(b), V1/t = 1.23 (close to the transition point). In panel (c) V1/t = 1.3 (topologically trivial CDW phase).
for this model there is only one non-equivalent nodal point,
namely at the center φ = (0, 0) of the fBZ, and the corre-
sponding jump in the magnitude of the Chern number of the
GS manifold upon crossing the quantum critical point in pa-
rameter space is thus 1.
The bosonic interacting Haldane model at density ρ = 1/4
(number of particles divided by the number of sites) exhibits
an instance of higher-order touching of many-body energies
in the fBZ when crossing in parameter space through the tran-
sition from a ν = 1/2 bosonic FCI GS manifold to a charge-
ordered GS manifold upon increasing second-neighbor repul-
sion V2
27. The phenomenology at this transition as a func-
tion of increasing V2 in parameter space is the following. (1)
For small V2 . 1.446 the FCI and CDW many-body en-
ergy levels are fully separated in energy, with the C? = 1
FCI many-body state being higher in energy than its quasi-
degenerate counterpart (which has C = 0) and lower in en-
ergy than the CDW many-body state. The many-body Berry
curvatures are smooth functions everywhere in the fBZ. (2)
When V2 reaches the lower critical value V2 ∼ 1.446, the
many-body C? = 1 FCI and CDW dispersions in the fBZ
touch at φ ≡ (φ1, φ2) = (0, 0), without a concomitant di-
vergence of the many-body Berry curvature at that point, and
disperse quadratically with the deviations φ1 and φ2 away
from φ1 = 0 and φ2 = 0 as shown in Fig. 4. (3) For
1.446 . V2 . 1.642 the two many-body levels near-avoid
one another – evidently due to many-body level repulsion – at
three points in the fBZ that move away from φ = (0, 0) along
high-symmetry lines upon increasing V2, while the many-
body Berry curvature develops three corresponding maxima
at the same points, see Fig. 5. (4) When V2 reaches the up-
1.40 1.45 1.50 1.55 1.60 1.65 1.70
V2
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14
0.16
∆
(φ
1
,φ
2
=
0)
φ1 = 0
φ1 = pi
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
φ1/2pi
0.000
0.001
0.002
0.003
0.004
0.005
∆
(φ
1
,φ
2
=
0)
FIG. 4. Many-body energy gaps between the FCI and CDW energy
levels for the bosonic interacting Haldane model of Ref. 27 on a hon-
eycomb lattice made of 32 sites, as defined in Eq. (3.5). The average
density of hardcore bosons per site is ρ = 1/4 and V1 = 0. In panel
(a), V2 is varied holding φ ≡ (φ1, φ2) fixed to either φ = (0, 0)
or φ = (pi, 0). Panel (a) shows that the many-body gap closes at
V2 ∼ 1.446 and 1.642, respectively. In panel (b), φ1 is varied hold-
ing V2 = 1.446 and φ2 = 0 fixed. The red line in (b) is the fit β1 φ21
with β1 ' pi/10.
per critical value V2 ∼ 1.642, the previously-avoided many-
body crossings reach the points φ = (pi, 0), φ = (0, pi), and
φ = (pi, pi), at which the many-body gap now vanishes ex-
actly and the many-body Berry curvature diverges. (5) For
V2 & 1.642 the many-body spectrum becomes gapped again,
with the many-body C? = 1 FCI and C = 0 CDW levels
having exchanged places along the many-body energy axis.
Although the phase encountered for 1.446 . V2 . 1.642
is characterized by avoided many-body level crossings, the
Chern numbers of the corresponding many-body states are
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FIG. 5. (a,c) Berry curvature of the state |Ψ1〉 corresponding to
first-excited energy level E1 and (b,d) energy levels E1 and E2 in
flux space for a 32-site cluster of the interacting Haldane model of
Ref. 27, as defined in Eq. 3.5, at density ρ = 1/4 hardcore bosons
per site with V1 = 0 and (a,b) V2/t = 1.48, which is close to the
critical point, and (c,d) V2/t = 1.52 that is far away from it.
nonetheless well-defined, since the energy spectrum is ac-
tually gapped, albeit by finite-size effects, see Fig. 5. For
V2 < 1.446, we find the many-body Chern numbers of
the FCI and CDW states to be 1 and 0, respectively. For
1.446 . V2 . 1.642 the many-body Chern numbers of the
“hybridized” states, whose levels repel one another and are
separated by the finite-size gap, jump to the values 3 and −2,
respectively. This behavior has been previously observed for
avoided crossings in a disordered FCI model18 and indicates
that the Chern number is mathematically well-defined in finite
clusters with finite-size gaps, even though the energy spec-
trum is expected to become gapless in the thermodynamic
limit. Note that the first transition at V2 ∼ 1.446 is accom-
panied by quadratically dispersing many-body energy levels
around a single nodal point from the fBZ and a jump of magni-
tude 2 in the many-body Chern numbers, whereas the second
transition at V2 ∼ 1.642 is accompanied by linearly dispers-
ing many-body energy levels around three nodal points from
the fBZ and a jump of magnitude 3 in many-body Chern num-
bers.
C. Phenomenological classification by dispersion in the fBZ
The cases detailed above suggest analogies between the in-
teracting systems studied here and Weyl semimetals.
In the above examples, the many-body Berry curvature of
a state is fully parametrized by a vector φ of boundary twists
and a vectorM of parameters as Fn(φ,M). This many-body
Berry curvature integrates to a quantized Chern number in the
φ-plane for M 6= Mc. Finally, there is a jump in the many-
body Chern number that depends on the number and order of
level touchings that occur atM = Mc.
In Weyl semimetals, the single-particle Berry curvature is
fully parametrized by a vector of “in-plane” momenta k‖ and
an “out-of-plane” momentum k⊥ as Fn(k‖, k⊥). This single-
particle Berry curvature integrates to a quantized Chern num-
ber in the k‖-plane for k⊥ 6= k⊥,c. Finally, there is a jump in
the single-particle Chern number that depends on the number
and order of level touchings (Weyl nodes) that occur across
k⊥ 6= k⊥,c.
It is known that higher-order Weyl nodes are only possible
in the presence of additional point-group symmetries and split
into single Weyl nodes when the symmetry protecting them
is broken27,28. In an analogous fashion, we observe that the
quadratic nodal point appearing at φ = (0, 0) in the interact-
ing Haldane model splits into two linear nodes upon lowering
the rotational symmetry by introducing a small mass imbal-
ance between sublattices A and B.
In non-interacting systems, the presence of nodes in a band
structure at isolated points in k-space can be a priori deter-
mined via symmetry arguments29. Whether the many-body
energy landscape inφ-space of an arbitrary interacting system
contains nodal points or not is less straightforward to deter-
mine. Even though, in this work, our approach to answering
this question has been trial-and-error, some arguments hold
generally. Gaplessness can appear at high-symmetry points
(HSPs) in the fBZ associated with space-group symmetries, or
in the form of accidental band crossings at arbitrary points in
the fBZ11,30,31. However, any degeneracies away from HSPs
need to also obey all space-group symmetries, which means
they must come in multiples. For example, if a degeneracy oc-
curs at an arbitrary (non-high symmetry) point in the fBZ of a
system with C6 symmetry, for instance, then there necessarily
need to be 5 more copies of this degeneracy13. Furthermore,
symmetry considerations do not preclude an exact degener-
acy of many-body levels leading to a divergence of the Berry
curvature on a one-dimensional manifold in the fBZ, with a
φ-space dispersion resemblant of non-interacting nodal-line
semimetals. We shall not address this case here.
For all the three models studied in Sec. III B, near the crit-
ical point Mc and close to the nodal point φc, the many-
body gap between the many-body energy levels E1(φ,M)
and E2(φ,M) corresponding to topologically nontrivial and
trivial many-body states can be heuristically fitted by the sim-
ple form
(E2 − E1) (φ,M) ≈√
β1(δφ1)
2p + β2(δφ2)
2p + β3|M −M?c |2,
(3.6)
where M?c is the point on the (m − 1)-dimensional phase
boundary that is closest to M and where δφ1 and δφ2 are
sufficiently small coordinates measured relative to φc ≡
(φc1, φc2)
T, while β1, β2, and β3 are fitting parameters, and
M is sufficiently close to M?c . For all the nodal points we
have encountered in our calculations, the power pd is always
found to be an integer, and it is equal to 1 for divergences at
8HSPs in the triangular and the checkerboard models, and 2 (1)
for the critical point at V2 ∼ 1.446 (V2 ∼ 1.642) in the honey-
comb model. By monitoring numerically the Chern numberC
of the state corresponding to the lower of the two levels as the
system undergoes the level crossing upon variation ofM , we
find that in all these cases the jump ∆C in the Chern number
obeys the empirical relation
∆C =
Ndiv∑
d=1
pd , (3.7)
whereNdiv denotes the number of nodes that develop at points
φc,d with d = 1, · · · , Ndiv in the fBZ as one approaches
a critical point, and pd is the corresponding integer govern-
ing the dispersion in φ close to the d-th HSP. Interestingly,
this empirical result mirrors what happens in non-interacting
systems, where Eqs. (3.6) and (3.7) can be rigorously related
to one another.27,28,32,33 In all the transitions we have investi-
gated, the Berry curvature always has the same sign at all the
HSPs of the fBZ where it becomes divergent simultaneously.
IV. BERRY CURVATURE RENORMALIZATION GROUP
The similarities that we have observed in Sec. III when
comparing the many-body Berry curvatures to the single-
particle Berry curvatures of non-interacting semi-metals close
to Weyl nodes motivate us to develop a scaling procedure for
the many-body Berry curvature that is the many-body counter-
part to the one applied to the single-particle Berry curvature
in Refs. 33–35. We then apply this scaling procedure to the
FCI-to-trivial transitions presented in Sec. III. We detail the
protocol below, which we refer to as Berry curvature renor-
malization group (BCRG), for the two scenarios pd = 1 and
pd = 2 uncovered in Sec. III.
The procedure we introduce relies on positing the func-
tional form for the singularity of the Berry curvature
F?(φ,M) and the applicability of a scaling relation that ties
the dependence of F?(φ,M) on φ to that on the parame-
tersM that drive the plateau transition in the thermodynamic
limit. [The index ? inF?(φ,M) was defined below Eq. (2.5).]
Our approach is phenomenological in that we do not justify
the validity of these assumptions on the basis of general prin-
ciples. Instead, we confirm the fulfillment of these conditions
on a case by case basis with exact diagonalization.
A. Strategy
The BCRG approach relies on the following three assump-
tions.
Assumption 1 – The many-body Berry curvature is an even
function of φ around all the high symmetry points (HSPs) de-
fined by φc = −φc modulo (2pi n1, 2pi n2) for any pair of
integers n1 and n2, i.e.,
F?(φc + δφ,M) = F?(φc − δφ,M), (4.1)
FIG. 6. (a) and (b) illustrate the scaling procedure for Assumption
2.1 (peak-divergence scenario) and 2.2 (ring-divergence scenario),
respectively, which demands the red dot to be equal to the orange
dot to solve for the M ′, as indicated by the dashed line. The pro-
file of Berry curvature evolves from the red lines that have a large
divergence to the orange lines that have a small divergence under
this procedure, without changing the topological invariant, hence the
system flows away from the critical point.
where the Berry curvature F?(φc,M) was defined implicitly
by Eq. (2.5).
If there exists a quantum critical pointMc across which the
quantum Hall conductivity (2.4a) changes discontinuously,
we then posit either one of the following two scenarios upon
approaching in parameter space the quantum critical point
Mc.
Assumption 2.1 – The Berry curvature (2.2b) displays a
local extremum at φc as a function of φ, holding M fixed
and close to Mc. This extremum changes from being a local
maximum to a local minimum as M is varied across Mc.
The Berry curvature F?(φc,M) diverges as M →Mc. For
example, the dependence on δφ given by the Ornstein-Zernike
(OZ) scaling function
FOZ(φc + δφ,M) ..=
F?(φc,M)
1 + ξ21(M) δφ
2
1 + ξ
2
2(M) δφ
2
2
,
(4.2)
for some dimensionless functions ξ1(M) and ξ2(M), sat-
isfies this assumption. It then follows that both ξ21(M) and
ξ22(M) must share the same singular behavior with the Berry
curvature (2.2b) when φ is held fixed at φc while M →
Mc. We shall subsequently call this assumption the peak-
divergence scenario.
Assumption 2.2 – The Berry curvature (2.2b) has a con-
tinuous mountain ridge (valley) that surrounds φc as a func-
tion of φ, holding M fixed and close to Mc. These extrema
change from being local maxima to local minima as M is
varied across Mc. These extrema collapse to φc and the
Berry curvature at any point along these extrema diverges as
M → Mc. We shall subsequently call this assumption the
ring-divergence scenario.
Assumption 3 – For any δφ ≡ |δφ| δ̂φ nonvanishing
yet not too large, there exists one and only one pair δφ′ ≡
|δφ′| δ̂φ andM ′ such that
F?(φc + δφ,M) = F?(φc + δφ
′,M ′). (4.3)
Defining |δφ′|/|δφ| ≡ b, scenario 2.1 demands that 0 <
b < 1, whereby F?(φc,M) is a local maximum as a func-
tion of φ holding M fixed. Scenario 2.2 demands that b > 1,
whereby F?(φc + δφ,M) is a mountain ridge (valley). The
9intuition for Eq. (4.3) is captured by Fig. 6. The scaling ansatz
(4.3) defines a flow in parameter space fromM toM ′, along
which the divergence of the Berry curvature is reduced, and
hence the system is moving away from the critical point, as
explained in Appendix A. This flow can be encoded into a
differential equation as follows. We define the scaling direc-
tion to be δ̂φ. We define the infinitesimal scaling coordinate
to be d` ≡ |δφ|2. We define the infinitesimal change in the
parameters to be dM ≡M ′−M . We do a Taylor expansion
of Eq. (4.3) in powers of δφ and dM and use the assumption
(2) that ∇φF? = 0 at φc and M . If so, there follows the
partial differential equation
∇MF?|φc,M ·
dM
d`
=
(
1− b2
2
)(
δ̂φ ·∇φ
)2
F?
∣∣∣∣
φc,M
.
(4.4)
Assuming that ∇MF?|φc,M is non-vanishing and perform-
ing this scaling procedure independently for each tuning pa-
rameter Mi with i = 1, · · · ,m, one can rearrange Eq. (4.4)
to obtain a closed expression for dMi/d`. The row vec-
tor (dM1/d`, · · · ,dMm/d`, )T ≡ (dM/d`)T delivers the
BCRG flow in the m-dimensional parameter space. The criti-
cal pointsMc are identified numerically from the BCRG flow
as the (m− 1)-dimensional surface on which the flow directs
away from the point at which the flow rate diverges. The fixed
points Mf are the points where the flows vanishes. They can
be either stable or unstable depending on the direction of the
BCRG flow. In short,
Critical point:
∣∣∣∣dMd`
∣∣∣∣→∞ ,flow directs away,
Stable fixed point:
∣∣∣∣dMd`
∣∣∣∣→ 0 ,flow directs into,
Unstable fixed point:
∣∣∣∣dMd`
∣∣∣∣→ 0 ,flow directs away.
(4.5)
To numerically estimate the partial differential equation (4.4),
we use the triplet of values F?(φc,M), F?(φc+∆φiδ̂φ,M),
and F?(φc,M + ∆MiM̂i).
A couple of remarks are in order. First, this approach im-
plicitly assumes that the bulk gap continuously reduces asM
approachesMc and vanishes exactly at the critical point. This
gap closing must be accompanied by the divergence of the
many-body Berry curvature, as per Eq. (2.2b). This is not nec-
essarily the case for an arbitrary topological phase transition.
On the one hand, states whose levels cross with varying M
that are in different symmetry sectors do not give rise to di-
vergent Berry curvature, despite the resonant denominator in
the Kubo formula, due to cancellation of matrix elements in
the numerator. In our studies, this is circumvented by choos-
ing finite lattices in which the relevant states happen to fall in
the same symmetry sector. The generic situation of a physical
system with finite disorder that breaks all symmetries natu-
rally falls into this category as well. On the other hand, topo-
logical phase transitions can also occur without a gap closing
whatsoever.36 We have not observed this situation in any of
the systems we have studied. The above limitations notwith-
standing, the BCRG approach provides a useful characteri-
zation tool for the detection and classification of topological
phase transitions into and out of states of interacting systems
characterized by a nontrivial quantum Hall response, as will
be shown below in Sec. IV B.
B. Application to FCI-to-trivial transitions
1. Peak-divergence scenario
The triangular and checkerboard lattice models realize
the peak-divergence scenario described in assumption 2.1 of
Sec. IV A, since the Berry curvature peaks at one or multiple
HSPs. Each such peak in the Berry curvature, such as the one
shown in the top panel of Fig. 3(b), is well fitted by the OZ
ansatz (4.2). The Berry curvature (2.2b) displays a local ex-
tremum at φc as a function of φ, holding M fixed and close
to Mc. This extremum changes from being a local maximum
to a local minimum as M is varied across Mc, and the Berry
curvature F?(φc,M) diverges asM →Mc.
Numerical results of BCRG applied to the triangular and
the checkerboard lattice model are shown in Fig. 7. The
Berry curvature (2.2b) at the HSPs of the fBZ is calculated
by exact diagonalization on a grid over the parameter space
of M . For the fermionic triangular lattice model at the den-
sity ρ = 1/3 particles per site, we choose the parameter space
M = (t3, V1) where t3 is the third-neighbor hopping and V1
is the nearest-neighbor repulsion. For the fermionic checker-
board lattice model at the density ρ = 1/6, the parameter
space is M = (V2, µ2) where V2 is the second-neighbor
repulsion and µ2 is a chemical potential imbalance between
sublattices A and B. The numerical result shows a BCRG
flow that correctly captures the phase boundary between FCI
and the topologically trivial state, as indicated by the red dots
in Fig. 7 (a) and (d). The triangular lattice model shows
a rich phase diagram, manifesting both stable and unstable
fixed points [blues lines in Fig. 7 (a)], as well as a line (green
dots) at which ∇M F?|φc,M vanishes and hence higher or-
der expansion of Eq. (4.4) is required to correctly describe the
BCRG equation. Near the fixed point on the phase boundary
the BCRG flow becomes chaotic, and it becomes difficult to
extract the phase boundary.
Drawing an analogy to non-interacting systems33 and to
thermodynamic phase transitions (although we are dealing
with given finite lattices), we denote the “critical exponents”
associated to the divergences in the many-body Berry curva-
ture F? and the functions ξ1 and ξ2 entering the OZ scaling
function (4.2) by
F?(φc,M) ∝ |M −Mc|−α, (4.6a)
ξ1(M) ∝ |M −Mc|−ν1 , ξ2(M) ∝ |M −Mc|−ν2 .
(4.6b)
For these two models, the numerical results are well fitted by
α ≈ 2 and ν1 ≈ ν2 ≈ 1. This behavior mirrors that of Weyl
nodes and satisfies the scaling law α = ν1 + ν2 introduced
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FIG. 7. (color online) (a) BCRG flow for the triangular lattice
model using ∆M = (∆t3,∆V1) = (0.001, 0.01), and, without
loss of generality, choosing b = 0 in Eq. (4.3), with the topologi-
cal invariant C labeled for each phase. The flow rate in logarithmic
scale is shown by the color code. Blue color indicates a low flow
rate and orange a high flow rate. Red dots label the phase bound-
ary, and the green dots the line at which∇M F?|φc,M in Eq. (4.4)
vanishes. The scaling ansatz (4.2) is made to fit the Berry curva-
ture in the neighborhood of the HSP and of a plateau transition. (b)
and (c) show the divergence of F?(φc, t3, V1) and ξ1 versus V1 at
a few selected t3. (d) BCRG flow of the checkerboard model using
∆M = (∆V2,∆µ2) = (0.01, 0.002). (e) and (f) show the diver-
gence of F?(φc, V2, µ2) and ξ1 versus µ2 at a few selected V2. The
small displacement ∆φ = (2pi/1000, 0) is used for the calculations.
Both models feature the same HSP φc = (0, 0), and the divergence
of F?(φc,M) and ξ1 are well fitted by the same exponents α = 2
and ν1 = 1, as indicated by the solid lines.
in Appendix B. In Appendix C, we provide a complementary
interpretation of ξi(M), with i = 1, 2, in terms of correlation
functions on the lattice dual to the fBZ.
2. Ring-divergence scenario
The honeycomb model near V2c ≈ 1.446, characterized by
quadratic φ-dispersion around φc = (0, 0), realizes the ring-
divergence scenario, since the extremum of Berry curvature
forms a ring surrounding φc. The ring is not necessarily cir-
cular, its precise shape is parameter-dependent, and the ex-
tremum is not uniform along the ring, as can be seen in Fig. 5.
The “critical” behavior of the Berry curvature in this sce-
nario is that, as M → Mc, (i) the extremum of the Berry
curvature diverges, (ii) the radius of the ring along which the
Berry curvature reaches its extremal value vanishes, (iii) and
F?(φc,M) remains finite. The extremum changes from a
maximum to a minimum as M passes Mc. Based on these
features, we propose the same scaling procedure, Eq. (4.3),
but with the choice b > 1 to obtain the BCRG flow, as shown
schematically in Fig. 6 (b). The scaling procedure gradually
reduces the magnitude of the extremum and increases the ra-
dius of the ring, and hence the system is gradually flowing
away from the critical point, as explained in Appendix A. The
BCRG equation follows Eq. (4.4) with b > 1, while the crit-
ical point and fixed point are identified from the direction of
the RG flow and Eq. (4.5).
Applying Eq. (4.4) to the honeycomb model, choosing
b > 1, yields the BCRG flow shown in Fig. 8 (a) that sig-
nals the existence of a quantum critical point in the thermo-
dynamic limit. The ring shape of the Berry curvature im-
plies two scales in the fBZ that represent the radius and the
width of the ring. They are extracted in the following man-
ner. Along a particular high symmetry line, for instance φ̂1,
the extremum of the Berry curvature and its location are de-
noted by F?,max and φ1,max, respectively. Defining the half-
extremum as
[
F?,max + F?(φc, V2)
]
/2, the half-distance be-
tween the two φ1’s at which the half-maximum occurs is de-
noted by φ1,wid, as shown schematically in Fig. 8 (b). In
Appendix C, we demonstrate that ξ1,max .. = 1/φ1,max and
ξ1,wid ..= 1/φ1,wid represent the two length scales over which
a correlation function oscillates and decays, respectively. Fig-
ures 8 (c) and (d) provide supporting evidence for the scaling
behaviors F?,max ∝ |V2 − V2c|−1 and ξ1,max ∝ ξ1,wid ∝
|V2 − V2c|−1/2. The corresponding scaling exponents are
in full agreement with those of non-interacting double Weyl
nodes33.
V. SUMMARY AND CONCLUSION
We have investigated precursor signs of quantum phase
transitions taking place in the thermodynamic limit be-
tween topologically trivial and nontrivial correlated phases
by performing detailed numerical studies of interacting two-
dimensional fermionic and bosonic models harboring FCI
states with twisted boundary conditions. The main result of
this work is the observation that, when inversion or other
point-group symmetries are present, the many-body Berry
curvature develops divergences at one or more HSPs in the
space of twists in the boundary conditions, i.e., the Brillouin
zone for twisted boundary conditions (fBZ), for critical values
of the parameters in our models defined on finite lattices. Con-
comitantly, we find nodal points in the dispersion of many-
body energy levels in the fBZ at the same HSPs. We observe a
connection between the number and dispersion of these nodal
points and the many-body Chern number characterizing the
states that partake in each transition. The many-body energy
levels close to the nodal points can be classified heuristically
by the power law that determines the dispersion in φ-space, in
analogy to the topological charge of Weyl nodes for the non-
interacting Bloch bands of semi-metals. We have determined
the exponents pd of the dispersion around the nodal points en-
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FIG. 8. (color online) (a) BCRG flow of the tuning parame-
ter V2 for the honeycomb lattice model, obtained using Eq. (4.4)
with the choice b = 2, the grid spacing ∆φ = (3pi/250, 0), and
∆V2 = 0.002. Plotted in units of ∆V2/∆φ2, the BCRG flow sig-
nals the existence of a quantum critical point at V2c ≈ 1.446 in the
thermodynamic limit. (b) Schematics of extracting the two corre-
lation lengths ξ1,max and ξ1,wid from the Berry curvature (purple)
along the φ̂1 direction. (c) The inverse 1/F?,max of the Berry cur-
vature extremum F?,max versus V2. The values at V2 > V2c are
enlarged 200 times for readability. The linear behavior near V2c cor-
responds to the exponent α ≈ 1. (d) Inverses 1/ξ21,max and 1/ξ21,wid
of the squared correlation lengths ξ21,max (orange) and ξ21,wid (red)
versus V2 plotted in units of (pi/500)2. The 1/ξ21,wid at V2 > V2c
is enlarged by 10 times for readability. The linear behavior near V2c
corresponds to the critical exponent ν ≈ 1/2.
countered at a number of topological-to-trivial phase transi-
tions in models harboring FCI states. At all these points, pd is
an integer. Finally, we have exploited the above observations
to develop a scaling approach for the many-body Berry curva-
ture around the HSPs in the fBZ where it becomes divergent.
This procedure is shown to give precursor signs of the ther-
modynamic phase boundaries of topological phase transitions
driven by either interaction or single-particle parameters, and
we have empirically found different classes of “criticality”,
depending again on the exponents pd.
Even though the validity of our methods and observations
has been verified through a battery of rigorous numerical tests
for a number of models, this work is predominantly phe-
nomenological, in the sense that we do not attempt to prove a
number of points, in particular (i) whether the ansatz for the
scaling of the Berry curvature is unique, and (ii) what the im-
portance of our findings is in the thermodynamic limit. We
hope to clarify (at least a subset of) the above points in future
work. Finally, our approach can be generalized to the spin
quantum Hall effect, see Ref. 14.
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Appendix A: The deviation-reduction mechanism
The scaling hypothesis takes the differential form captured
by Eq. (4.4) for the Berry curvature F?(φ,M). According
to this hypothesis, a flow away from the critical point takes
place. We are going to derive a different scaling equation upon
approaching the fixed-point Berry curvature F (f)? (φ,Mf) that
is defined by demanding that it carries the Chern number
C? =
2pi∫
0
2pi∫
0
dφ1 dφ2
(2pi)2
F
(f)
? (φ,Mf), (A1)
while it obeys the scaling form [compare with Eq. (4.3)]
F
(f)
? (φc + δφ,Mf) = F
(f)
? (φ+ δφ
′,Mf) (A2)
for some δφ′ about the HSP φc in the fBZ. We make the ad-
ditive decomposition
F?(φ,M) = F
(f)
? (φ,Mf) + δF
(f)
? (φ,M), (A3a)
where
δF
(f)
? (φ,M) =
∑
m∈Z2,|m|>0
δF
(f)
? (m,M)
× cos(m1 φ1) cos(m2 φ2)
(A3b)
so that
0 =
2pi∫
0
2pi∫
0
dφ1 dφ2
(2pi)2
δF
(f)
? (φ,M), (A3c)
while we assume the scaling relation
δF
(f)
? (φc + δφ,M) = δF
(f)
? (φc + δφ
′,M ′) (A3d)
for some pair δφ′ andM ′. If we choose
φc = 0 (A4)
and assume the linear relation
δφ′ = b δφ (A5)
for the real number 0 ≤ b, we then find the relation
δF
(f)
? (φc + δφ
′,M ′)− δF (f)? (φc + δφ′,M) =
1
2
(δφ− b δφ′) ·
(
∂
∂φ
δF
(f)
? (φc + δφ,M)
)
(A6)
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to leading order in an expansion in powers of δφ. Contrary to
Eq. (4.4), this equation is of first order in the derivative with
respect to the twisting angles.
The change of δF (f)? as M changes to M ′, holding φc +
δφ′ fixed in the fBZ, is proportional to the derivative of δF (f)?
with respect to the twisting angle atφc+δφ in the fBZ holding
M fixed. Now, the decomposition (A3) implies that δF (f)?
carries the singularity encoded in F? upon crossingMc. This
observation has the following consequences.
For the peak-divergence scenario (in which case 0 ≤ b <
1), as one can deduce from Fig. 6 (a), when the extremum
F?(φc,M) is a maximum, then the derivative of δF
(f)
? is neg-
ative whereas the multiplicative prefactor (1 − b2)/2 > 0 is
positive. If so, the left-hand side of Eq. (A6) is negative and
the Berry curvature divergence is reduced under the mapping
M →M ′.
For the ring-divergence scenario (in which case 1 < b),
when the extremum F?(φc,M) is captured by a double-
Lorentzian with a maximum as shown in Fig. 6 (b), then the
derivative of δF (f)? is positive whereas the multiplicative pref-
actor (1 − b2)/2 < 0 is negative. If so, the left-hand side of
Eq. (A6) is negative and the Berry curvature divergence is also
reduced under the mappingM →M ′.
If the extrema of many-body Berry curvature are minima
instead of maxima, the same logic leads to a positive left-hand
side of Eq. (A6), so the negative divergence of Berry curvature
is again reduced.
We conclude that the divergence of the many-body Berry
curvature is reduced under this scaling procedure. The system
is gradually flowing away from the value Mc at which the
Berry curvature diverges.
Appendix B: A scaling law in the peak-divergence scenario
In the peak-divergence scenario of Sec. IV B 1, it is instruc-
tive to calculate the contribution
C? div(M) ..=
+ξ−11∫
−ξ−11
d δφ1
2pi
+ξ−12∫
−ξ−12
d δφ2
2pi
× F?(φc,M)
1 + ξ21(M) δφ
2
1 + ξ
2
2(M) δφ
2
2
(B1)
to the many-body Chern number that arises from the proxim-
ity of φc+δφ to φc, as approximated by the OZ ansatz. Here,
we assume that F?(φc,M) and ξi(M), with i = 1, 2, obey
the singular scalings (4.6a) and (4.6b), respectively. It is
C? div(M) = const×
F?(φc,M)
ξ1(M) ξ2(M)
. (B2)
Since the left-hand side is always finite, although not nec-
essarily constant, on either side of Mc, the divergence of
limM→Mc F?(φc,M) must the be compensated by the di-
vergences of limM→Mc ξi(M). By matching the divergences
of the numerator and denominator on the right-hand side, we
deduce the Ornstein-Zernike scaling law
α ≈ ν1 + ν2. (B3)
Appendix C: Wannier state correlation function
Our starting point are the twisted boundary conditions that
span the fBZ
{(φ1, φ2) | 0 ≤ φi < 2pi, i = 1, 2} . (C1)
We do the rescaling of the fBZ defined by
ϕi ..=
1
Li |ai|
φi, i = 1, 2, (C2)
where ai are the basis vector of the finite lattices made of
L1 × L2 (C3)
repeated unit cells that were considered in Secs. II and III. The
rescaled fBZ has the area
2∏
i=1
2pi
Li |ai|
(C4)
and ϕi has the units of inverse length. We interpret the
rescaled fBZ as the Brillouin zone of an auxiliary dual lattice
of infinite extent spanned by the lattice vectors
Rm ..=
2∑
i=1
mi Li ai, m ≡ (m1,m2) ∈ Z2. (C5)
We can associate the Fock space of the many-body Hamilto-
nians Ĥ defined in Sec. III to each site Rm. Any one of the
Hamiltonians Ĥ considered in Sec. III has a GS |Ψ?(φ,M)〉
with the wave function in position space
Ψ?(r1, · · · , rN |φ,M) ..= 〈r1, · · · , rN |Ψ?(φ,M)〉. (C6)
By assumption, this GS carries a non-vanishing many-body
Chern number
C?(M) ..=
2pi∫
0
2pi∫
0
dφ1 dφ2
(2pi)2
F?(φ,M), (C7)
where the Berry curvature F?(φ,M) was defined in Eq.
(2.2c) in some region of parameter space {M ∈ Rm}. For
notational simplicity, we shall denote with
Ψ?(r1, · · · , rN |ϕ,M) ..= 〈r1, · · · , rN |Ψ?(ϕ,M)〉 (C8)
the function obtained by expressing φ in terms of ϕ in Eq.
(C6). With the help of Eq. (2.1), we have the relation
Ψ?(r1 +Rm, · · · , rN +Rm|ϕ,M) =
eiN ϕ·Rm Ψ?(r1, · · · , rN |ϕ,M)
(C9)
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for any siteRm of the lattice dual to the rescaled fBZ that was
defined in Eq. (C5). If we define
Xm ..= N Rm, (C10)
we recognize that
Ψ?(r1 +N
−1Xm, · · · , rN +N−1Xm|ϕ,M) =
eiϕ·Xm Ψ?(r1, · · · , rN |ϕ,M)
(C11)
takes the form of Bloch’s theorem, whereby the center of mass
X ..=
N∑
i=1
ri (C12)
of the N quantum particles has been translated by Xm. Cor-
respondingly, we define the center of mass operator
X̂ ..=
N∑
i=1
r̂i (C13)
together with the Wannier state supported on the lattice dual
to the rescaled fBZ that is defined by
|W?(Xm,M)〉 ..=
 2∏
i=1
2pi/(Li |ai|)∫
0
dϕi
2pi/(Li |ai|)
 e+iϕ·(X̂−Xm) |Ψ?(ϕ,M)〉. (C14)
Inversion of Eq. (C14) gives
|Ψ?(ϕ,M)〉 =
∑
m∈Z2
e−iϕ·(X̂−Xm) |W?(Xm,M)〉. (C15)
By construction, the Wannier wave function is defined to be
W?(r1, · · · , rN |Xm,M) ..= 〈r1, · · · , rN |W?(Xm,M)〉
=
 2∏
i=1
2pi/(Li |ai|)∫
0
dϕi
2pi/(Li |ai|)
 e+iϕ·(X−Xm) Ψ?(r1, · · · , rN |ϕ,M). (C16)
The expectation value of the center of mass operator X̂ in the Wannier state |W?(Xm,M)〉 is as localized as may be about
Xm in the lattice dual to the rescaled fBZ. The Fourier transform of the many-body Berry curvature defined by Eq. (2.2c) is
denoted
F?Xm(M)
..=
 2∏
i=1
2pi/(Li |ai|)∫
0
dϕi
2pi/(Li |ai|)
 e+iϕ·Xm F?(ϕ,M). (C17)
It is represented in terms of the Wannier state by the correlation function37–39
F?Xm(M) = −i〈W?(Xm,M)|
(
Xm 1 X̂2 −Xm 2 X̂1
)
|W?(0,M)〉. (C18)
If we use the OZ ansatz
F?(ϕc + δϕ,M) ∼
F?(ϕc,M)
1 +
∑2
i=1[ξi(M)Li |ai|]2 δϕ2i
(C19)
to fit the peak-divergence scenario, we then identify the char-
acteristic width [ξi(M)Li |ai|]−1 of F?(ϕ,M) as a func-
tion of ϕ in the rescaled fBZ. Upon Fourier transform of the
OZ ansatz (C19), the correlation function F?Xm(M) has the
characteristic decay length in the lattice dual to the rescaled
fBZ given by ξi(M)Li |ai|. In the ring-divergence scenario,
the Fourier transform of the ring-shaped Berry curvature in
Fig. 8(b) gives a correlation function F?Xm(M) that oscil-
lates with ξmax(M)Li |ai| and decays with ξwid(M)Li |ai|.
This Wannier-state formalism provides an appealing inter-
pretation for the singularities of the Berry curvature in the fBZ
for finite systems. As detailed in Sec. II, the choice of twisted
boundary conditions in the continuous range [0, 2pi)× [0, 2pi)
forms an auxiliary space that allows for the definition of the
Chern number. In the thermodynamic limit, this Chern num-
ber becomes the quantized Hall conductivity. At the same
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time, imposing these twisted boundary conditions on many-
body wavefunctions as in Eq. (C11) allows for a definition
of an infinite lattice dual to the fBZ. On this infinite lattice,
which should not be confused with the original finite lattice
Λ on which the many-body Hamiltonians have been diago-
nalized, the functions ξi(M)Li |ai| with i = 1, 2, take the
meaning of correlation lengths. Moreover, the Fourier trans-
form over the rescaled fBZ of the Berry curvature F?(ϕ,M)
that delivers F?Xm(M) can be interpreted as a a correlation
function that measures the overlap of Wannier states centered
at two copies of the finite lattice Λ that are distanceXm away
on this dual lattice. It is in this respect that the many-body
Berry curvature for any exact eigenstate of the many-body
Hamiltonian defined on the finite lattice Λ is similar to scaling
functions in critical phenomena. The same is true when identi-
fying the divergence of the ξ(M)’s atMc and their vanishing
atMf with the notion of scale invariance.
For non-interacting tight-binding Hamiltonians for which
Bloch’s theorem holds upon imposing periodic boundary con-
ditions on a finite lattice, using twisted boundary conditions
allows to explore the Brillouin zone in the thermodynamic
limit. It is for this reason that the critical behavior of the
Berry curvature for the finite number of occupied states in
the valence band gives access to some thermodynamic criti-
cal exponents33–35.
For interacting Hamiltonians defined on a finite lattice Λ,
the critical behavior of the Berry curvature needs to be re-
lated to the quantum phase transition in the thermodynamic
limit. To prove or disprove such a relation, it is necessary
to perform finite-size scaling numerically, which is not possi-
ble with any numerical method available today. A diverging
correlation length corresponds to a critical finite-size Wannier
many-body state. A large correlation length is interpreted as
the finite-size interacting system being close to a gap-closing
many-body level crossing. A short correlation length implies
the finite-size interacting system is deep inside a gapped (triv-
ial or nontrivial) topological phase. This is irrespective of
whether the quantum phase transition involves a change in a
Landau order parameter or not.
Appendix D: Symmetries of many-body Hamiltonians in flux
space
In this appendix we show how spatial symmetries of an in-
teracting tight-binding Hamiltonian Ĥ(0), present when the
(finitely sized) system is defined on a lattice with periodic
boundary conditions, translate into symmetries of Ĥ(φ) in
flux space when twisted boundary conditions φ are imposed.
Consider a symmetry operation Ŝ and a tight-binding
Hamiltonian with a density-density interaction
Ĥ(φ) =
∑
k∈BZ
∑
α,β
ĉ†k,αHk+φ,α,β ĉk,β
+
∑
i,j;α,β
Vi,j;α,β n̂i,α n̂j,β ,
(D1)
where α and β label local degrees of freedom in the unit cell
such as orbitals and spin. Due to its density-density form,
the interaction term is unaffected by the boundary conditions,
which only affect the quadratic partHk+φ,α,β .
The action of Ŝ on the second quantized operators can be
represented by a unitary Bk;α,β
Ŝ ĉ†k,α Ŝ
−1 =
∑
β
Bk;α,β ĉ
†
S(k),β , (D2a)(
Ŝ ĉ†k,α Ŝ
−1
)†
=
∑
β
B∗k;α,β ĉS(k),β , (D2b)
where S(k) applies the spatial transformation (like a reflec-
tion or rotation) to the momentum. By assumption, the system
with periodic boundary conditions is invariant under Ŝ, i.e.,
Ŝ Ĥ(0) Ŝ−1 = Ĥ(0). (D3)
If we assume that Ŝ−1 = Ŝ†, this implies
HS(k),α,β =
∑
α′,β′
Bk;α′,αHk,α′,β′ B∗k;β′,β . (D4)
Using this relation, one shows that
Ŝ Ĥ(φ) Ŝ−1 = Ĥ(S(φ)) (D5)
Spatial symmetries thus imply that the Hamiltonians with
boundary conditions φ and S(φ) are unitarily related. It fol-
lows that gauge-invariant quantities like the many-body Berry
curvature obey the same symmetries, even in finite-size sys-
tems
Fn(φ,M) = Fn(S(φ),M). (D6)
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